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Abstract:

To further clarify the fracture mechanics characteristics of piezoelectric materials with defects, this paper
studies the dynamic antiplane problems of radial collinear cracks emanating from multiple noncircular
cavities in piezoelectric material. First, the expressions of Green function satisfying the boundary
conditions in the semi-infinite piezoelectric medium with multiple depressions of arbitrary shape, the total
displacement and the electric potential in the piezoelectric medium containing noncircular cavities and
without cracks are derived by using complex variable function method and conformal mapping
technology. Then, based on the crack-division technique and conjunction method, the problem is
transformed into a set of Fredholm definite integral equations of the first kind. And the direct numerical
integration method is used to solve it. As an example, the influences of defect size, SH wave frequency
and material parameters on the dynamic stress concentration at the crack tip are given, which provides
some theoretical guidance for the engineering design, production and safe use of piezoelectric devices.

Keywords: Radial cracks, Noncircular cavity, Piezoelectric, Green function, Dynamic analysis.

I. INTRODUCTION

Piezoelectric materials have good electromechanical coupling, and are widely used as sensors,
actuators and other devices. However, the stress and electric field concentration caused by defects such as
inclusions, cavities and cracks in use often lead to the loss of its design function. Therefore, many
researchers focus on the physical and mechanical mechanism of piezoelectric material fracture in recent
years. And many useful results have been achieved which greatly improve the application of piezoelectric
materials.

In the aspect of inclusion defects, Du [1], Feng [2], and Hu [3] have made significant efforts to this
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topic. In terms of crack defects, Wang[4], Wu [5], Zheng [6], Hu [7] studied the mechanical behavior of
cracks under load. In the aspect of crack defects emanating from cavities, Garcia-Sanchez [8], Guo [9],
Xiao [10] and Feng [11] studied the stress concentration at the tip of cracks by using mixed boundary
element method, complex function, conformal mapping method, etc.

It can be seen that most of the researches on the composite defects of cavities and cracks are static
fracture problems, while the research on dynamic fracture mechanics is rarely reported. The theoretical
analysis of the dynamic antiplane behavior of radial collinear cracks emanating from multiple cavities is
carried out in this paper. The conclusions can provide very useful suggestions for the design, manufacture
and engineering application of piezoelectric components.

Il. MODEL OF THE PROBLEM

The mechanical model of transversely isotropic piezoelectric material containing radial finite-length
cracks emanating from multiple noncircular cavities is shown in Fig 1. The medium contains radial
collinear cracks emanating from M noncircular cavities. The coordinate of each cavity center is c;. The
local coordinate system (x;ojy;) and (rjq;) is established with each cavity center as the origin, and the crack
lengths are Ayj.1 and Ay; respectively, where j=1, 2, ..., M. The distances between adjacent cracks are di, d,
...dw-1, and the SH wave is incident at ag angle with the X axis.

pa

SH-wave

e S Dack LN
Fig 1: Model of radial collinear cracks emanating from multiple noncircular cavities in piezoelectric
material

The boundary conditions of cracks are:

D, (F) = D, (F)
75 (F) =7,,(F) =0,
¢ (F)=¢ ()

@)

r E[azj—l’aZj—1+A2j—1]10j =7
I e[azj,a2j +Azj],49j =0

The boundary conditions at the noncircular cavities are:
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7,(r)=0
p(F)=¢; , |F|=T (2)
D, (1) =D

Wherein, f is electric potential field, t,; and ty, are shear stress components, D, and Dq are electric
displacement components; the superscript “+” , “-” and “c” represent the upper and lower surface of the
crack, the field quantity of the medium inside the noncircular cavity respectively.

The governing equations of the steady-state antiplane piezoelectric dynamic problem is:

CVW+e,. Voh+ pa’w=0

) ) (3)
esV'W—rk,, V=0

Wherein, c4s, €15 and ky; are the elastic constant, the piezoelectric coefficient and the dielectric constant
in piezoelectric material; w, r and w represent the displacement field, matter density and circular frequency
of SH wave respectively.

Introducing a new function j(x,y)[12], which satisfies the following equation, namely:

p=¢- 25w (4)

Ky

By substituting equation (4) into equation (3), the control equations are decoupled as:

Vw+k*w=0, V?p=0 (5)
2 2 2 2
Wherein, V? is the Laplace operator, VZ:%+8—2; kzzpca*) , and c*=c44+el—5:c44(l+/1).

11

On complex planes 7 =re’and 77 =re™, equation (5) can be given by:

2 2
aW_+l w=0, 8¢_:0 (6)
onon 4 onon
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T, =Cy (%eig +@_e‘i‘9) +e; (%eie +6_¢je—i6)
on on on on

7, =iC,, (gﬂem —@_e“g) +ieg (% e' —a—¢_5e‘i‘9)
n 877

D — (@eie &), (%e'9+ ¢ e i) 0
Ak i 6_ K 877

i @ OW _igy a¢ ol 99 o
DH_IelS(a a_e )—ix 11( on a_e )

I11. THEORETICAL SOLUTIONS

3.1 Green function of the problem

The Green function of displacement G,, and electric potential G; adopts the fundamental solutions
when the semi-infinite material with multiple depressions of arbitrary shape is subjected to the

out-of-plane line load &(r7—17,) which is in harmony with time at any point 7, on its horizontal surface.

Its model is shown in Fig 2.
y(y1) Y2 Yi
o(0,) X(X1) 0, X (m) o X
I ——

Fl 1—*]

Fig 2: Semi-infinite piezoelectric medium model with multiple depressions of arbitrary shape

The boundary conditions at the depressions of arbitrary shape are:

7'-I'Zj :0
D, =D7, |n,I=T; (i=12,+M) (8)
G, =G

On the complex plane (7,77), the displacement Green function G, and the electric potential Green

function G satisfying the governing equation (6) are composed of incident and scattering parts, which are
represented by superscript i and s respectively. The expressions of the first part are:

G — i HO(Kln—n D), G»=55g0 9
W 2¢,,(1+ 1) o ( |77 770|) M X, W %)
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The scattered wave part can be taken as follows:

oo -$ 5 newnp 1]+
e ; j (10)

M o«

6 =226+ ) 3 [Bln, " +C}7, ]

11 j=1 n=1

Wherein, H®(*) is the first Hankel function. Introducing a mapping function: n; =(&;), then on

the mathematical plane (&;), the above expression can be written as [13]:

6P =3 Y AHO Kol [ (5)] {“’(5")]

=i (&) ) | |e(&) 1)
M o
G(;S) 15 G(s)+ZZ[BJ a)(f) +CJ a)(f) }
Ky j=1 n=1
The coordinate transformation relation is:
n:nj+cj:a)(§j)+cj (12)
Then, the expressions of G, and Gs are:
(1) (s) _ W (s)
G, =G, +G,’, G,=G,” +G; (13)

There is no displacement field but only electric field in the depression, and the expression of electric
potential in the j-th depression should satisfy the Laplace equation VZG¢°j =0. Considering that the
electric potential in the cavity should be finite, its expression can be taken as follows:

G, =Dy +y.[D)n"+E} 77 ] (14)
n=1
On the mapping plane (&;) , the above formula can be transformed into the expression as:

G,” = Dﬁi[DJ -o(&)" +E, Wé,)} (15)
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The coefficients AJ, B/, C!, D) and E’ can be obtained from the boundary conditions of the j-th
depression with arbitrary shape.

3.2 Scattering of SH wave by noncircular cavity

First, the infinite piezoelectric medium with only noncircular cavities and without cracks is considered.
As shown in Fig 3, a steady SH wave is incident at an angle ap with the X axis.

s

SH-wave
y(y1) yoh %

g 7

Fig 3: Scattering model of SH wave by multiple noncircular cavities in infinite piezoelectric material

The displacement field and electric potential field are composed of incident and scattering parts.
Wherein, the expressions of w®” and f can be given by:

w® = w, -exp [—i g(ne“% +17€' )}
(16)

Introducing the mapping function: 7, = (&), then on the mathematical plane (&), the above

expression can be written as:

w® :WO~exp{—ig|:(a)(§j)+Cj)eiao +(a)(§j)+cj )eiao}}
(17)
4 — &5

Kn

The scattered displacement field w® and the electric potential field f generated by the cavities can be
given by:
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j=1n=

W = ZZ 'AHD Ko, )\)[‘Z(‘Sf)J

(18)
¢(5) 15 W(S)+ZZJBSCO(§) +ZZJCsw(§)

j=1 n=1 j=1 n=1

The expressions of the total displacement w® and the electric potential f9 which in the infinite
piezoelectric material with multiple noncircular cavities can be given by:

w® = w® +VV(S), ¢(t) :¢(i) +¢(S) (19)

The electric potential ¢; meeting the control equation V2¢j° =0 in the j-th noncircular cavity is:
# =D+ 2| Do) + ') | (20)
n=1

The infinite algebraic equations to solve the coefficients 'A°, 'B®, IC:, 'D® and 'E’ in equations
(18) and (20) are obtained from the boundary conditions at the j-th noncircular cavity. Based on the

orthogonality of periodic functions and the convergence of cylindrical functions, the equations can be
solved by the linear algebra theory.

3.3 Problem solving
Using the crack-division technique combined with the conjunction method, we can construct a model

of SH wave scattering by radial collinear conducting cracks at multiple noncircular cavity edges in
piezoelectric medium. The conjunction process is displayed in the following diagrammatic map.

M

88808 8888 LT —r)" 888 F*

y
0000 ol X 0000 0000 -7) 0000 F-

Fig 4: Cutting and section fitting of cracks in piezoelectric medium

Firstly, the infinite piezoelectric medium with multiple noncircular cavities is cut along the X axis. The
upper section contains displacement w™ and stress z{"*, while the lower section contains displacement
w®) and stress 730" . Next, the stresses [-z*] and [-z{)"] are applied to the upper and lower sections

of the corresponding areas where cracks are to occur, so that the combined stresses of these corresponding
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areas are zero. That is, conductive cracks are formed. To ensure the continuity conditions in the area
outside the noncircular cavities and cracks on the sectioning surface, a pair of external forces F* and F~
should be applied in this area. Finally, the upper and lower halves of infinite piezoelectric media are joined
together, and the stress continuity condition on the sectioning surface is as follows:

O+ F ="+ FT (21)
The condition for displacement continuity is:
WD WD W) ) ) ) (22)

Wherein, w*? =w) =w®

M-1
W = [ F (600,101t O + 3. [ F (1,08, (1 0, e i

]

"'LN F* (1, 65:)G,, (1, 615, 6,5)dr,

M-1
wF) = —J.l_ F (1, 6,.)G,(r,0;1,, 6, )dr, _ZL_ F (1, 60r)G,, (1, 0; 1, O )dF,
0 j:1 j
~Jo F(0:0:0)8, (. 011, By ),

z z

W = [ (15,008, (1,051, 6,008 = [ 762(1,60)G, (1, 0: . G ),

]

M M
D TR0, 000)G (1,051, Oy ), =D [ 78 (1y,0,0)G, (1, 651, Gy ),
j=27 j=2"2

W = (15,606, (.01, 000 + [ 76 (1, 052)G, (1, 011y, G55 ),

M M
[ 0, 000)G, (1,031, 00 )t + D [ 28 (1, 00)G,, (1,63 1, 65 ),
[E R j=27 %

Here, 6, =7; 6,,=0; I,ela+A,x]; Fje[Cj+a2j+A2j,Cj+a21.+Azj+dj]; Iy €lCy+ay+Ay >];

I, ela,a +A]; I, €[a,a,+A]; T, E[Cj _a2j—1_A2j—1’Cj _aZj—l] ; 1, e[Cj +a2j’Cj +3,; +A2j] ;
wherein, C; is the distance from the origin of the whole coordinate system to the center of each noncircular
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cavity, apj.1 and ay; represent the distance from the left end point and right end point of the noncircular
cavity along the X axis to the defect center respectively, and j=1,2,--M.

Based on the equations (21) and (22) and in combination with the above equations, the definite
solution integral equations for solving the unknown force system F(r,,6,) can be obtained:

M-1
J-l" F+ (rO’ GOL)GW(r’ 9’ rO ' HOL)drO + z Il"- F+ (rO’ QOR)GW(r7 9’ rO ! QOR)drO
0 =1

]

+.[rN F+(r0!90R)GW(r’9; ro,QOR)dro = _jnl ng)(rO’QOL)GW(r’e; rO’QOL)drO

M (23)
[ 78 (0, 00)G, (1,031, 00 ) + D [ 78015, 008)G, (1, 651, 6, ),
2 [ R

M
+ZJ.1—[ .ng)(ro’QOR)Gw(rve; ro;QOR)dro 9:0’7[
j2 el

The direct numerical integration method is adopted in combination with the attenuation characteristics
of scattered waves. The above integral equations can be transformed into the finite linear algebraic
equation groups to solve the value of additional external force system at discrete points.

The dynamic stress intensity factor is introduced, and its expression is:
km = r!i_';gj F(ro’go) ) \lz(ro - Sj) (24)
Wherein, S;=C;+a,;+A,; or C;—a,; ,—A,.

For the convenience of solving, substituting the integrand function in equation (24) at the crack tip as
follows:

(25)
=k, .[GW/ 2(r, —Sj)]
Defining a dimensionless factor k3, namely
ko = | Ku (26)
7,Q
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Wherein, z, is the stress amplitude 7, =c’kw, of incident wave. Q is a characteristic parameter, and

it takes the following expression in piezoelectric material which contains radial collinear cracks generating
from the edge of noncircular cavities:

Q:\/Azj1+a2j12+a2j+A2j 27

IV. RESULTS AND DISCUSSION

As an example, in the case of double elliptical cavities, this paper gives the numerical results of the
change of k7 at the inner end point of the radial collinear double cracks (shown by point P in Fig 5)

emanating from elliptical cavities with the size of the major and minor axes, the length of cracks,
incident wave frequency and piezoelectric constant. Among it, it is assumed that the size of two
elliptical cavities and the length of cracks are equal. They are indicated by a, b and A respectively.

%SH-W&VE
A A P A A
C Sl d e C
Fig 5: Calculation model of radial double cracks emanating from elliptical cavities

Fig 6 shows the change of k; with dimensionless wave number ka when b/a takes different values.

It is found that when b/a=0.001, that is, when it degenerates into two linear crack models, its value
basically agrees with the data in references [4][14], and the error remains within 1.5%. In other cases,

the kJ value curve oscillates and attenuates with the increase of ka, and the maximum value is

obtained around ka=0.3. When ka<0.3, the value of kJ gradually increases with the increase of b/a,
while when ka>0.8, its changing trend is just opposite.

Fig 7 shows the change of k; with dimensionless wave number ka when A/a takes different values.
It is found that the k; value curve reaches its peak at low frequency ka=0.25 or so, and its value
oscillation decreases with the increase of incident frequency. When ka<0.3 or so, k; value curves

increase with the increase of A/a, and when ka>0.3, k; value curves have different sizes. Therefore,
in the low frequency band, when the crack size is not much different from the semi-major axis, the
elliptical cavity has obvious influence on k; value.
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Fig 8 shows the change of k; value with dimensionless wave number ka when d/a is different. It
can be seen that when ka<1.5, the value of k; increases with the decrease of d/a, and the maximum

value obtained around ka=0.25. After entering the high frequency band, k; value oscillation decreases.

3.0+ _ —
— bl/a=05 d/a=0.3, 060—72'/2

254 b/a=15  pja=1.0, 1=1

204 e

2 154 L
| b/az0001 ™\, e N

109 ... document[4][14] \\ )

054 d/a=0.2, ay=nl2 ~_
A/a=0.001, A =1

0.0 - - - - - -

0.0 0.5 1.0 15
ka

Fig 6: The change of k; value with ka when b/a takes different values

Fig 9 shows the change of k; value with b/a at low frequency ka=0.5 when A/a takes different

values. It can be seen that the k; value of the curve of A/a =1.0 is larger than that of the other two

cases, which shows that when the length of crack and the semi-major axis have the nearly same value,
the phenomena of dynamic stress concentration are more obvious.

Fig 10 shows the change of k7 value with b/a at ka=1.0 when d/a takes different values. It can be
found that with the higher value of b/a, the ki value of each curve gradually increases at the range
b/a<1.65, and the k; reaches the peak value around b/a=1.65.

Figure 11 shows the change of k7 value with dimensionless wave number ka when | takes different
values. It can be seen from the figure that k; curves all reach maximum values around the wave
number ka=0.3, and their values increase with the increase of b/a. When 0.6<ka<1.1, the value of kJ

decreases with the higher value of b/a. The curves of k; have a similar changing trend with the
increase of ka.
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3.0

2.5+

o — AJa=05
| de0daEd2
,~' '\.\ b/a:1.5, A=1 - - . Ala=2.0

Fig 7: The change of k; value with ka when A/a takes different values

2.5+

2.0+

1.5+

0.5

0.0

Ala=10, g =2 — d/a=0.3

j ? ---d/a=0.5
b/a=1.5, 1=1 - _.d/a=1.0

==

0.0

Fig 8: The change of k; value with ka when d/a takes different values
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251 Ala=0.5
d/a=0.3, a =72 ---Ala=1.0
2.0- ka=0.5, 4=1 -~ Aa=2.0
o 1.5
1.0
0.5 - | ' '
05 1.0 15 2.0 2.5

Fig 9: The change

b/a

of ky value with b/a when A/a takes different values

1.2-
—d/a=1.0
1.0- - --d/a=0.5 PR
0.8
bxm
0.6
0.41 ka=1.0, 4=1
0.2 , . |
0.5 1.0 15 20
b/a

Fig 10: The change of k; value with b/a when d/a takes different values
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2.5+

2.0+

1.5+

1.0
Ala=1.0, a0=7z7’2

051 pa=15 d/a=0.3

0.0 . . . .
0.0 0.5 1.0 1.5 2.0

ka

Fig 11: The change of k; value with ka when | takes different values

V. CONCLUSIONS

In this paper, the dynamic stress concentrations of the tip of radial collinear cracks generating from
multiple noncircular cavities in piezoelectric medium which subjected to SH waves are studied by using
complex variable function method, conformal mapping technology, crack-division technique and
conjunction method. It is found that the maximum dynamic stresses are obtained about ka=0.3, and the
damping of oscillations of the stress concentrations at the cracks’ tip are appeared with the variation of
ka. So the dynamic antiplane analysis is more important in the lower frequency. When the lengths of
cracks are about the same as the semi-major axis, the dynamic stress concentration is more obvious, and
its value tends to decrease with the higher value of I. The smaller the range between multiple cracks is,

the more obvious the interaction between defects is, and the larger the k; value is. Therefore,

considering the geometric parameters and physical parameters of piezoelectric structures
comprehensively, the possibility of structural damage can be reduced by selecting the appropriate
combination.

This paper provides a useful theoretical approach to analyze and solve this kind of problems. It can
be found that according to analyze the recent research works, there are also some shortcomings in this
field of investigation, such as the particularity of defects. At present, the dynamic fracture mechanics of
piezoelectric material is not very mature, and the existing theoretical models can not fully explain the
phenomena observed in the experiment and practical engineering, so we need to make beneficial
explorations in the theory study field.
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