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Abstract:

Based on the complex variables and the mirror imaging methods, the dynamic anti-plane
behavior of right-angle piezoelectric medium with a single cylindrical inclusion is studied.
The analytical expressions of dynamic stress concentration factor (DSCF) and electric field
intensity concentration factor (EFICF) at the inclusion in right-angle piezoelectric medium
under the scattering of anti-plane shear waves are obtained, and the calculation results under
different parameter combinations are plotted. The results indicate that the DSCFs and EFICFs
around the inclusion is closely related to the frequency of incident wave, physical parameters
of material and geometric parameters of structure.

Keywords: Right-Angle piezoelectric medium, Cylindrical inclusion, Dynamic stress
concentration factor, Electric field intensity concentration factor.

I. INTRODUCTION

Piezoelectric materials will inevitably produce defects such as holes or inclusions during
manufacturing, and the structure often fracture or fail because of the stress concentration near
the defects in the use process. Therefore, studying the failure mechanism of such problems has
become an important topic for researchers.

Recent years, in the research of static fracture, Zhao [1], Gao [2-3], Lee [4], Sosa [5] and
other scholars studied the field concentration around the hole in piezoelectric materials under
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the action of infinite load. Suzuki [6-7], Chen [8], Eugene Pak [9], Yang [10], Meguid [11] and
Hu [12] analyzed the plane shear load and in-plane electric load of piezoelectric materials with
inclusions. In the dynamic fracture field, Shindo et al. [13] studied the dynamic behavior of an
infinite piezoelectric medium with cylindrical piezoelectric inclusions under the action of
time-harmonic shear waves and steady-state in-plane electric loads; Du et al. [14] and Feng et
al. [15] investigated the scattering of SH waves by partially debonded cylindrical inclusions in
piezoelectric materials.

It is found that, compared with the static fracture research, there is less research on dynamic
fracture mechanics of piezoelectric materials with inclusion defects, and most of the analysis
are simplified to the problem of infinite field or semi-infinite field model. And the dynamic
fracture mechanics model of piezoelectric structures in angular field has not been further
discussed because of its complexity. In the present paper, the dynamic anti-plane behavior of
right-angle piezoelectric medium, which contain a single cylindrical inclusion, are studied
under the incident anti-plane shearing wave. It can be provided an effective theoretical analysis
method for this kind of problem.

Il. FUNDAMENTAL EQUATIONS

In transversely isotropic piezoelectric media, it is assumed that the Z axis is the electric
polarization direction and the x-y is the isotropic plane of the material. When the physical force
and free charge are zero, the equilibrium equation of the steady-state anti-plane dynamics
problem is:

CuVWHe,V2h+ po’w=0
&sVW—x, Vg =0

1)

Where w, p, o and ¢ are anti-plane displacement, mass density, frequency of the
incident wave and electric potential, respectively; while c,, is the shear elastic modulus, e, is
the piezoelectric constant, and «,, is the dielectric constant of the medium, respectively.

A new function ¢(x,y) [16] is introduced, which satisfies the equation,

p=p-2w )

11
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By substituting equation (2) into equation (1), the control equation can be simplified as:

Vw+k’w=0, Vip=0 (3)

2 2
Wherein, v? is the laplace operator, v2=§—+a—; k Is the wave number, k*= pca’
X

2 ayZ

and ¢ —C44+e =C,, (1+4).

11

Introducing a complex variables »=x+iy and its conjugate 77 =x-iy, the governing
equations and constitutive laws on complex planes n=re and 7 =re™ can be written as
follows:

w Lo o O

W= — =0 4
onon 4 onon

T, =Cy (—e’+—e™) +€5 (—a¢ e’ + 8? e)
on on on
H 6\/\/ I —| | a ]
z-azzlc44(a e 9)+|915( ¢ v a? g)
®)
W o, OW io a¢ 0, 09 0
D, =eg(—e" +—e e +—=
r 815(577 o ) 11( 877 )
. OW 5, OW a¢ o a¢ r
D, =ie. (—e?——¢™ 0 _ 9@ -0
0 15(67] a_ ) 11( 77 677 )

Where ¢, and r, are shear stress components; D, and D, are electric displacement
components.

I11. PHYSICAL MODEL OF THE PROBLEM

The mechanical model of the right-angle piezoelectric material with a single cylindrical
elastic conductive inclusion is shown in Figure 1. The radius of the inclusion is R, and the
distance between the inclusion center and the two right-angle boundary surfaces h and d
respectively. A steady state SH-wave is incident at the angle «, with the horizontal direction.

The boundary conditions of the problem can be written as:
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Iy 7,0 =0,D)"=0 (y=h)
Iy: 7 =0,DM"=0 (x=-d) (6)
T W' =w'rp' =7, =D;,¢" =¢' (r=R)

Wherein, the superscript*"M™ represents the physical quantity in the matrix and
represents the physical quantity in the inclusion.

Fig 1: model of a right-angle plane with a single cylindrical elastic conductive inclusion
IV. THEORETICAL ANALYSIS

The solutions satisfying the governing equations under the constraint of boundary
conditions should include two parts, namely, the field generated by the disturbance of incident
wave and the scattering field excited by the inclusion.

The incident displacement field w® and the potential field #® in the right-angle field can

be expressed as:
w® = w, exp {%-[(n—ih)e'”’o +(7 +ine” ]}, PO =20 (7

Ky

Where w, isthe amplitude of the incident wave, g, =z-q,
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Fig 2: the semi-infinite space mirrored by the right-angle plane

The scattering fields generated by the cylindrical inclusion is symmetrical, so the
right-angle field model can be mirrored into a semi-infinite piezoelectric medium space by the
mirror imaging methods [17]. The equivalent displacement field expression w™ and potential
field expression ¢ which meet the boundary conditions can be written as:

W(ie) — WO (Tl +T ) ¢(|e) 5 (|e) (8)
Kll

The equivalent reflection displacement field expression w™ and potential field expression
4" in the semi-infinite space can be written as:

W Z (T, +T,), ¢ = 35y ©)

Kh

Wherein, n =n+2d, i =7+2d

_exp{ [(U—Ih)e o+ (77 +ih)e' ]} T, —exp{ [(77l ih)eiao+(,7l+ih)ei%]}

T=op | Ll @ rine ]}, T =ow | (e e ]
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The scattering displacement field w® and the potential field ¢ , which meet the
boundary conditions on two right-angle edges, can be expressed as:

©_ N s 40 85 yo e 10
W= S RS S, 0= (10)

4
n=—0 j=1 11

Wherein,

{sﬁ“ = HOK[aDI7 /I, S = HE (Kl - 2in) [z~ 2ih) /|y ~ 2ib[] "
S = (0" HO K| DIm /1™, S = (<" HE (k |, ~ 236z, — 2ih) /|, 2]

The expression of © is:

fO = i D,PY + i E,P? (11)
n=1 n=1

Wherein,

PO ="+ (7 +2ih) " + (1) (, - 2ih) " + (-1)"77, "
R =377 + (=20 "+ (-1)"n, " + (-1 (7 + 2ih) "

Where A,, D, and E, are unknown constants, while H®*) is the Hankel function of the
first kind.

According to the elastic dynamic theory, the displacement field inside the elastic inclusion
is expressed as follows:

w -SR] 12)
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The potential field inside the inclusion should be finite and satisfy the governing equation
Vig' =0
qél — fi%i 'VVI + f
K (13)

feY Ly e M
n=0 n=1

Where F,,, L, and M, are unknown constants.

It can be obtained from the third equation in the boundary condition (6):

Wi W ) = !
(ie) (re) (s) _ -1

Ty + Ty + Ty =Ty
(ie) (re) (s) _ 4l

PU P +97 =4

D! + D! +D® = D|
r r r r

(r=R) (14)

The infinite algebraic equations for determining the unknown constants A, Dp, En, Fn, Ly
and M, can be obtained from the equation (14):

i A £ L i F et - o0

Nn=—0

AL LD A LR AB) LN E £ L B N ) 2 0
n;ﬁA’]iﬂ ; ngn ; nfﬂ n; ngﬂ ; ngn ; ngn é’ (15)

Z A]gfl) ¥ z Dngn(32) + z En§r$33) + z Fn§r§34) + Z Lﬂ;f%) + z M ngf?ﬁ) _ é/(S)
n=1 n=1 N=- n=0 n=1

N=-0

2 S 3 C - 6
DD+ Y E LT +Y LED + Y M =40
1 n=1 n=1 n=1

o

n=:

Where,

. n
;@=zqw;@=44mw{i]
j=1 |’7|
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{g 1) _( n) 77_(”+1)1 (2) _( 1)n+1 n(’] 2|h) (n+1)

{99 = (=n)- (7 +2ih) ", 9P = (-1)"* g,
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Both sides of equation (15) are multiplied by e™ and integrated on (-z,7):

L AG'+ Z Fém
i AGE)+ 1D+ TELD + TR T LA +IM, =0
(19)
Z ALY +ZDn§m3n2 +ZE &+ Z Fes +Z|-n oYM =
N=— =1 n=1
i (42)+2En§ +ZL§45)+ZMH§$16) =4/r(n4)
n=1 n=1 n=1
Where, &&= j EWemgg, W = j ¢We"™dg , other equations are the same. Equation

(16) is the infinite algebralc equation system for determining unknown constants, which can be
solved by using the convergence of cylindrical functions.

V. DYNAMIC STRESS CONCENTRATION FACTOR AND ELECTRIC FIELD
INTENSITY CONCENTRATION FACTOR

The expressions of dynamic stress and electric field intensity around the cylindrical
inclusion in right-angle piezoelectric medium can be written as:
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The dimensionless dynamic stress concentration factor around the inclusion is:

T
_ | %lr=r

*

(19)

Where 7, =c}i@+A")kMw, is the stress amplitude of incident wave in piezoelectric medium.
The dimensionless electric field intensity concentration factor is:

t

Olr=r

E - (20)
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M
Where E, :el—;(1+ AMkMw, is the electric field intensity amplitude of the incident wave.

Kl 1

VI. NUMERICAL EXAMPLE AND DISCUSSIONS

As an example, this section gives the calculation results of dynamic stress concentration
factor and electric field intensity concentration factor around cylindrical inclusion, and
discusses two concentration factors varying with the physical parameters of material and
structural geometric parameters.

(1) Figure 3 depicts variations of z*with the incident angle of the wave when the
cylindrical inclusion degenerates to a hole, and the result is in good agreement with reference
[18]. Figure 4 shows variations of z*with the incident angle at the point #=n/2 around the
inclusion. It can be seen that when the wave is incident horizontally or vertically, the value of
*is the largest, and the value curve is obviously larger when k™R=1.0 than the other three
curves. In the following simulation examples, it is assumed that the wave is incident
horizontally.

(2) Figures 5 and 6 show the change of z*with e /e. With the increase of e /e, the

value of 7 hardly changes and its figure is almost symmetrical along the X axis when kMR=0.1,
and the level of z* decreases under the condition of k¥R=1.0. Moreover it can be seen that the
value of 7" generally decreases in reverse polarity.

(3) Figures 7 and 8 are demonstrated the variations of z*with ¥ /«/,. It can be seen that
the value of z"hardly change with the decrease of «/«/, under the condition of quasi-static
kMR=0.1, but it increases slightly when k™R=1.0.

(4) At Figures 9 and 10, the variations of ¢*with h/R are shown. The value of " hardly
changes with the increase of h/R in quasi-static k'R=0.1. Under the condition of kMR=1.0, the
level of " at h/R=3 is larger than that at h/R=1.5. With the further increase of h/R, the value of
" decreases slightly, but its value hardly changes after h/R=6, which shows that the free surface
of the right-angle field has little influence on " when reaching a certain distance.

(5) Figures 11 and 12 show the variations of z*with d/R. In the case of quasi-static kR=0.1,
the value of r"increases with the growth of d/R. When k™R=1.0, the value of " fluctuates with
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the increase of d/R, instead of increasing or decreasing blindly, and the position with the most
severe dynamic stress concentration also changes correspondingly.

(6) Figures 13 and 14 illustrate the variations of z*with k"R at #=n/2 around the inclusion.
It can be seen from Figure 13 that the value of z"is almost unchanged with e /e, when

kMR<0.6, and its influence begins to appear with the increase of kR. When 0.7<kMR<1.6, the
value of z"is generally smaller in reverse polarity, and it increases slightly with the decrease of
el /e,. As can be seen from Figure 14, with the increase of «/«/,, the position where the
peak value of each dynamic stress concentration factor curve gradually moves to high
frequency, and the peak value also increases correspondingly.

(7) Figures 15 and 16 are curves of r*at 6=n/2 around the inclusion when kMR takes
different values. It can be seen from Figure 15 that the curve value corresponding to kMR=1.0 is
the largest, and, the value of " gradually tends to be stable with the increase of h/R, which
shows that the influence of interface on stress concentration at the defect gradually decreases
with the growth of the distance from the interface. Figure 16 shows that with the increase of
d/R, the peak value of z*changes little, but the appearing frequency of peak value faster with
the increase of k"R,

(8) Figures 17 and 18 are curves of ¢"at #=n/2 around the inclusion with different values of
el /e, . Figure 17 shows that with the growth of d/R, the peak values of " gradually tend to be

stable, and the distance between the peaks remains unchanged. Generally, the z*value in the
case of reverse polarity is relatively smaller. Figure 18 depicts that the curve reaches its peak
when h/R=4, and the oscillation of ¢*changes with the growth of h/R. Its value hardly changes
after h/R=12 or so. At the same time, we can see that the " value in the case of reverse polarity
is relatively small. Take the peak values of e /e, =5 and e /e, =-5 as examples, the peak

values of them are 4.784 and 4.385 respectively. The later is 8.34% smaller than the former.

(9) Figures 19 and 20 show the variations of E~ with e¥ /¢!, It can be seen that the value of
E” is generally smaller in the case of reverse polarity. With the increase of e /e, the value of

E” decreases, but the distribution law of electric field intensity around the inclusion is basically
unchanged.

(10) Figures 21 and 22 display the variations of E” with & /.. Similar to the trend of the
previous two figures, the value of E” increases with the decrease of " /«!,, but the position of

the maximum value is basically unchanged, and the value of E” at k™R=1.0 is larger than that at
kMR=0.1.
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(11) Figures 23 and 24 show the variations of E~ with h/R. When kR=0.1, the value of E*
increases slightly with h/R, but hardly changes after h/R=3. Under the condition of kMR=1.0,
the level of E” at h/R=3 is larger than that at h/R=1.5. With the increase of h/R, the value of E~
continues to increase in the upper half of the inclusion and decreases slightly in the lower half,
but it hardly changes after h/R=6.

(12) Figures 25 and 26 show the variations of E~ with d/R. Similar to stress concentration,
the level of E” also increases with the growth of d/R at k™R=0.1. The upper and lower parts of
the graph are asymmetrical, and the value in the lower part is slightly larger. The value of E" at
d/R=1.5 is the largest of the four cases when kMR=1.0. With the growth of d/R, the distribution
law of E” around the inclusion changes greatly, and the maximum value moves to both sides of
the figure.

(13) Figures 27 and 28 show the variations of E~ with k™R at #=n/2 around the inclusion. As
can be seen from Figure 27, the value of E~ decreases with the increase of e /e, within the
range k™R<1.6, but a reverse trend is observed at 1.6<k“R<3. With the increase of k™R, there is
a similar change rule, and the value of E is still much smaller in reverse polarity. Take e /e!.

=5 and e /e, =-5 as examples, the peak values of them are 1.657 and 0.901 respectively. The
later is 83.9% smaller than the former. Figure 28 depicts that with the increase of «/«/,, the

peak value of E~ also increases correspondingly, and the position where the curve reaches the
peak value gradually moves to high frequency.

(14) Figures 29 and 30 are curves of E- when kMR takes different values. It is displayed
from Figure 29 that, similar to the stress concentration, with the increase of h/R, the value of E*
gradually tends to be stable and hardly changes any more. Figure 30 shows that , the peak value
of the corresponding curve is the largest when kMR=0.5, and the peak value is almost
unchanged with the increase of d/R, but the distance of peak value decreases with the increase
of KR,

(15) Figures 31 and 32 are curves of E” at 6=n/2 around the inclusion with different values
in eY /e . Figure 31 shows that with the growth of d/R, the peak values of E” gradually tend to

be stable, and the distance between the peaks also remains unchanged. In the case of the same
polarity, the value of E” decreases with the growth of &" /.. It can be noticed from Figure 32

that the oscillation of E~ curve changes with the growth of h/R, and its level hardly changes
after h/R=12 or so. At the same time, the value of E_ is relatively small in the case of reverse
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polarity, which indicates that the electric field intensity concentration around the inclusion can
be reduced by reversing the polarity of the inclusion under certain conditions.
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Fig 25: Variation of EFICF vs
d/R at k"R=0.1
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VIl. CONCLUSIONS

This study provides theoretical derivation of DSCF and EFICF around cylindrical
inclusion in right-angle piezoelectric medium by using complex variables, multi-polar
coordinate technique and the mirror imaging method. The calculation examples show that
with the growth of incident wave frequency, the two concentration factor curves indicate
oscillation attenuation, and the peak value appears within the range of k™R=0.5-1.0. The
polarity of inclusion is opposite to that of matrix, which can reduce the dynamic stress and
electric field intensity concentration around it under certain conditions. With the increase of
the distance between the defect and the interface, the influence of the interface on the field
concentration around the defect will gradually decrease. Therefore, considering the physical
and geometric parameters of material comprehensively, the failure probability of
piezoelectric structures in right-angle field can be reduced by selecting the appropriate
combination of parameters.
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