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Abstract: 

This paper investigates a fast calculation method for electromagnetic performance, including back 

electromotive force (EMF), cogging torque, and electromagnetic torque, of brushless DC motor (BLDCM) 

with skewed stator core and static rotor eccentricity. The idea of the algorithm is that the whole eccentric 

skewed motor is divided into several equal-thickness slices along the axial direction, and the straight slot 

motors are used instead of these slices to participate in the performance calculation. 2-D finite element (FE) 

method is adopted to calculate these straight slot motors, and the calculated results are superimposed 

according to the designed rules. The selection rule of slice number is discussed in detail, and the 

electromagnetic performance of healthy motor and eccentric motor is compared. Compared with the 3-D FE 

method, this method can greatly reduce the calculation amount and shorten the solution time. Experimental 

results show the effectiveness of the algorithm. The research results can provide reference for performance 

calculation of skewed eccentric BLDCM. 

Keywords: Brushless DC Motor, skew, electromagnetic performance. 

I. INTRODUCTION 

BLDCM is a typical mechatronics product. Because of its advantages such as large starting torque, 

strong overload capacity, long service life, reliable operation and high efficiency, it is widely used in CNC 

machine tools, electric vehicles, aviation, national defense and other fields[1-5]. However, when the 

machining accuracy is low, or the assembly is poor, or the parts are worn after long-term work, it will 

inevitably cause different degrees of eccentricities. 

Eccentricities will obviously change the magnetic field distribution inside the motor, and then affect 

the electromagnetic performance of the motor. In the current literatures, many scholars have done 

extensive research on various types of eccentricity. [6] proposes an equivalent air-gap length model for 

interior permanent magnet motor by the magnetic potentials of inner stator surface and outer rotor surface, 

and the winding inductances under diverse stator currents and rotor eccentricity are solved. [7] proposes a 
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new complex analytical model to reveal the single sideband modulation effect caused by dynamic 

eccentricity in the air-gap magnetic field , and a diagnostic method is designed to identify the type and 

degree of eccentricity. [8] discusses the influence of dynamic and static eccentricity on electromagnetic 

force in different structures of permanent magnet synchronous motors. [9] presents an analytical method 

for predicting the magnetic field in surface-mounted PM synchronous motor with rotor eccentricity using 

hybrid magnetic circuit and subdomain method. [10] studies the influences of different types of rotor 

eccentricities on air gap flux density, EMF, electromagnetic torque, cogging torque and UMF in 2-pole 

/3-slot PM motors. [11] proposes a method for detecting and classifying various faults including dynamic 

eccentricity by detecting the voltage of an air gap search coil. [12] presents a rotor inter-turn short circuit 

fault analysis model of synchronous generator considering static air-gap eccentricity. [13] analyses and 

tests the electromechanical characteristics of PM synchronous motor, which is mainly used in industrial 

power tools. [14] presents a method of online detection and identification of magnetic field winding 

insulation and rotor eccentricity faults in synchronous generators based on the measured value of air-gap 

flux probe. [15] improves the dynamic model of bearingless asynchronous motor considering load change 

and rotor eccentricity. [16] presents an online fault detection method, which can detect two kinds of faults 

including air-gap eccentricity, of synchronous generator based on residual analysis. 

According to research content, the literatures on eccentricities can be divided into the following two 

categories: (i) Type of eccentric fault is diagnosed accurately and nondestructive by detecting 

characteristic signals such as current, voltage or magnetic field; (ii) Operation characteristics of the motor 

are predicted under various eccentric faults. This paper belongs to the latter. 

The traditional magnetic circuit method is often used to calculate normal motors with traditional 

topology in engineering, which has high speed and acceptable accuracy. However, its simplified 

mathematical model cannot consider subtle magnetic circuit changes. The FE model has high calculation 

accuracy and can reflect any detail changes of the magnetic circuit, but its calculation amount is much 

larger than that of the magnetic circuit method. The skew is an effective way to restrain torque ripple, 

which is widely used in designing PM motors. Because of the particularity of mechanical structure, it is 

often necessary to establish a 3-D FE model to analyze the skewed motor. Considering the huge amount of 

calculation of the 3-D FE model, the simplified modeling idea of multi-slice is often adopted for the 

skewed motor. There are already many researches on eccentricities of straight slot motors, but few on the 

skewed. In this paper, the multi-slice model is used to study the eccentric skewed motor. 

In some literatures, after solving the motor units of the multi-slice model, it is necessary to solve the 

field-circuit coupling equations to synthesize the results of the whole skewed motor from 2-D field 

analysis data sequences, which is very complicated[17-23]. In order to solve this problem, different from 

the circuit model driven by constant voltage source which is usually used in ordinary FE modeling, an 

equivalent algorithm is proposed which adopts constant current source circuit to make the conductor 

currents in the same slot of motor units equal. In this paper, the equivalent algorithm is adopted to predict 

the characteristics of the surface mounted PM motors driven by square wave currents with static rotor 

eccentricity and skewed stator slots. It does not need to solve the field-circuit coupling equation, but adopts 
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the way of directly superimposing data, which is very suitable for practical engineering. The relative error 

of the equivalent algorithm is studied theoretically and deduced. The experimental results of the prototypes 

prove the effectiveness of the proposed equivalent algorithm. 

II. MENTALITY AND CALCULATION ACCURACY OF MULTI-SLICE MODEL

The rotor eccentricities can be divided into two basic situations: static eccentricity and dynamic 

eccentricity. Other eccentricity types are different combinations of these two situations. The geometric 

schematic diagram of rotor eccentricity is shown in Fig. 1. In order to highlight the visual effect of rotor 

eccentricity, the rotor size is reduced, while the air-gap thickness and eccentric distance are exaggerated. In 

the figure, Os is the geometric center of stator; Or is the geometric center of rotor; α is the eccentric angle 

of rotor; θ is the rotor position angle; e is the eccentric distance; g is the air-gap length; Rin is the inner 

radius of stator; rout is the outer radius of rotor; XsYs is the coordinate system of stator with Os as the 

origin; XRYR is the coordinate system of rotor with OR as the origin. 
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Fig. 1: Geometric schematic diagram of eccentricity fault 

The rotor rotates around its own geometric center under ideal health conditions and the geometric 

centers of stator and rotor coincide completely. When the rotor is eccentric, the geometric centers no 

longer coincide. If dynamic eccentricity occurs, the rotor rotates around the stator geometric center, and 

the air-gap length at a certain rotor position will change due to the rotor rotation at different moments. If 

static eccentricity occurs, the rotor rotates around its own geometric center, and the air-gap length will not 

change at any time. This paper focuses on static eccentricity and the air-gap length can be expressed as 
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It can be seen from (1) that the length of the air gap along the circumference is no longer equal 

everywhere. Considering that the magnetic permeability of air in the magnetic flux path is far less than that 

of iron core material, the magnetic density in the air gap will decrease as the air gap becomes thicker and 

increase as the air gap becomes thinner. Rotor eccentricity can be defined as 

0

100% 100%

in out

e e

g R r
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where g0 is the uniform air-gap length under the condition of complete health. 

In traditional electric motor design, the magnetic circuit method is adopted normally to predict the 

performance of skewed motor, yet the calculation accuracy is comparatively low. In order to obtain higher 

calculation accuracy, the FEM is adopted frequently. The 2-D FEM has the advantages of easy modeling 

and less computation, and is suitable for analyzing straight slot motors whose cross sections do not change 

along the axial direction. The 3-D geometric structure of skewed motors will lead to the differences of 

axial cross sections and the 2-D FEM can not be adopted directly. Therefore, 3-D FEM has to be used to 

model the skewed motors. Compared with the 2-D FE model, the 3-D FE model is not only 

time-consuming and complex in modeling process, but also has a huge number of 3-D subdivision 

elements which will result in a huge amount of calculation. 

In order to give consideration to both model solving time and calculation accuracy, a multi-slice 

equivalent algorithm is adopted to model the skewed motors. As shown in Fig. 2, the ideology of the 

algorithm is to divide a skewed motor into several sections along the axial direction and each of these 

sections is replaced with one straight slot motor unit. The thick blue diagonal line indicates the actual 

conductor in skewed stator slot, while the thick red segmented vertical thick lines represent the equivalent 

conductors of motor units. The 2-D FEM can be adopted to model the straight slot motor unit and the 

performances of the whole skewed motor are obtained by numerically processing the 2-D FEM calculated 

data sequences according to the designed rules. The model established by the equivalent algorithm can 

meet the precision needs of general engineering, and also has a short time to solve. In the figure, n is the 

number of slices, β is the skew angle of skewed motor, β/n is the skew angle of one motor unit, L is the 

projection length of winding conductor along the axial direction of motor, L/n is the projection length of 

one motor unit. 
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Fig. 2: Ideology of equivalent algorithm 

The multi-slice model inherits the inherent shortcomings of 2-D FEM, which cannot consider the end 

magnetic field of motor. The equivalent algorithm adopts the ideology that a number of straight slot motor 

units in series are equivalent to the whole skewed motor, and its mathematical description is 
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(3) 

where v is the velocity of winding coil, Azi is the magnetic vector potential of motor unit, Jz is the current 

density, E is the EMF of winding coil, Ei is the EMF of motor unit, φi is the flux linkage of motor unit, F is 

electromagnetic force, Fi is electromagnetic force of motor unit. 

In the fundamental magnetic field, the cross-sectional position of multi-slice model is schematically 

shown in Fig. 3. 
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Fig. 3: Cross-sectional position of motor unit 

The skew angle of motor unit can be expressed as 
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Where χ is the mechanical angle between the cross-sectional position and the end point of the inclined 

conductor section, α is the end position of conductor section. 

The electromagnetic force on current-carrying conductor in harmonic magnetic field can be expressed 

as 
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(5) 

where Fk is the actual electromagnetic force calculated by integral algorithm, αk is the end position of 

conductor section in the harmonic magnetic field, βk is the electrical skew angle in the harmonic magnetic 

field, I is the winding current, Bmk is the amplitude of harmonic magnetic field, k is the order of harmonic 

magnetic field, Fkm is equivalent the electromagnetic force calculated by summation algorithm of 

multi-slice model, Fkmi is the electromagnetic force of motor unit, χk is the electrical angle between the 
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cross-sectional position and the end point of the equivalent inclined conductor section in harmonic 

magnetic field. 

Based on the analogical algorithm of electromagnetic force, the EMF generated by moving conductor 

in harmonic magnetic field can be expressed as 
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(6) 

where Ek is the actual EMF calculated by integral algorithm, Ekm is the equivalent EMF calculated by 

summation algorithm of multi-slice model, Ekmi is the EMF of motor unit. 

If the influences of end region magnetic field are neglected, the relative errors of electromagnetic 

force and EMF calculated by multi-slice model can be expressed as 
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It can be seen from (7) that the relative error expressions of electromagnetic force and EMF are 

completely consistent. These two errors can be represented by a unified symbol, and there is no need to 

distinguish them in the following contents. In a certain order of harmonic magnetic field, the relative error 

depends not only on the number of slices, skew angle, harmonic order, but also on the cross-sectional 

position, the end position of the conductor section and other variables. 

If and only if the cross-sectional position is taken at the midpoint of each inclined conductor section, 

the relative error is only related to skew angle, harmonic order and the number of slices. Then, the 

expression of the relative error can be simplified as 
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III. SIMPLIFIED EQUIVALENT MODEL OF A SKEWED PROTOTYPE

Before establishing the simplified equivalent model of the prototype in this paper, it is necessary to 

analyze the influencing factors of calculation accuracy, and then select the number of slices judiciously. 

The skew angle of prototype is fixed at a mechanical angle of 15 degrees. The number of slices is 2 to 30 

in turn, and the harmonic order is 1 to 24 in turn. The relative errors of the simplified equivalent model 

under different combinations are shown in Fig. 4. 
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Fig. 4: Relative error of simplified equivalent model 

The change trend of relative error data series is comparatively studied and the following conclusions 

can be drawn. If the number of slices increases, the calculation accuracy can be improved significantly in 

any order of harmonic magnetic field. If the number of slices is fixed, the calculation accuracy in higher 

order harmonic magnetic field is obviously lower than that of lower order harmonic magnetic field. 

Considering that the amplitude of the harmonic component of the magnetic field in the air gap of the motor 
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decreases significantly with the increase of harmonic order, and the amplitude of the harmonic magnetic 

field of higher order is extremely small, 20 is finally selected as the slice number. 

The relative positions of stator and rotor of motor units in series are different at any moment, so the 

switch conduction intervals of different motor units are also different. Two segmentation methods, 

odd-numbered slices and even-numbered slices, are described respectively. The setting description of 

switch conduction intervals are shown in Fig. 5. In the figure,
 
ρx indicates the offset angle of the switch 

conduction interval of the xth motor unit based on the optimal conduction interval of the whole skewed 

motor. If ρx takes a negative value, it means that the switches need to be turned on in advance, while a 

positive value means that the switches needs to be turned on late. 

2 1j





1j j 2j 1 2 1j 

2 j



1j j1 2 j

(a) odd-numbered slices   (b) even-numbered slices 

Fig. 5: Setting description of switch conduction interval 

If the number of slices is odd, the deviation angle of switch conduction intervals of two adjacent 

motor units is β/(2j+1). The phase of EMF of the middle motor unit is the same as that of the whole 

skewed motor. Then, the switch conduction interval of the (j+1)th motor unit is the same as that of the 

whole skewed motor, i.e., ρj+1 takes 0. The remaining 2 j motor units are respectively arranged on both 

sides of the (j+1)th motor unit. On the basis of the whole skewed motor, the switch conduction intervals of 

the first j motor units are advanced in turn, while the switch conduction intervals of the latter j motor units 

are delayed in turn. The offset angle of switch conduction interval of the ith motor unit can be expressed as 
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If the number of slices is even, the deviation angle of switch conduction intervals of two adjacent 

segment motor units is β/2j. The middle value of EMF phase of the middle two motor units is the same as 

that of the whole skewed motor. Compared with the whole skewed motor, the switch conduction intervals 

of the first j motor units are advanced in turn, and the switch conduction intervals of the latter j motor units 

are delayed in turn. The offset angle of switch conduction interval of the ith motor unit can be expressed as 
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Theoretically speaking, there are no advantages and disadvantages between odd-numbered slices and 

even-numbered slices. However, when setting the switch conduction intervals in modeling process, 

truncation errors should be avoided as much as possible. In the actual calculation process, one of the 

advantages of even-numbered segmentation is that the denominator in the expression of offset angle is 4j, 

while the denominator in the expression of offset angle in odd-numbered segmentation is 2j+1. In contrast, 

if even-numbered segmentation is adopted, the value range of variable j is obviously wider. 

The radial cross-section of prototype is shown in Fig. 6. In the figure, A, B and C represent three 

phase winding areas, N and S represent different magnetization directions of PMs. The prototype has 

twenty-four stator slots, and each phase winding consists of four winding elements connected in series. 

Phase A is taken as an example and the other two phases have similar structures. A1, A2, A3 and A4 are 

connected in series in turn to form A-phase winding. Generally, the circuits coupled with the geometry 

research domain are driven by ideal voltage source in FE simulation. However, in the multi-slice model of 

this paper, the currents passing through the corresponding slot conductors of different motor units are 

exactly the same, while the voltages are different. Therefore, the simulation model of motor unit in this 

paper can only adopt the simulation circuit driven by constant current source, as shown in Figure 7. 
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Fig. 6: Radial cross-sections of stator and rotor 

Fig. 7: Simulation circuit driven by constant current source 

Under ideal health conditions, the air gap thickness of prototype should be 0.5 mm and equal 

everywhere along the circumferential direction. However, if static eccentricity occurs, rotor geometric 

center will deviate from stator geometric center by a certain distance. In this paper, the rotor is moved 

horizontally to the right by 0.2 mm, and the eccentricity reaches 0.4. Taking the new rotor geometric center 

as rotation center, a static eccentricity is manufactured artificially. The 2-D FE models of prototype with 

and without eccentricity are established respectively. 
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IV. CALCULATION OF PROTOTYPE

When the rotor is static eccentric, the air-gap thickness at the position of 0° circumferential position is 

the smallest, which is only 0.3mm, while the largest at the position of 180°, which is 0.7mm. However, the 

air-gap thicknesses at the position of 90° and 270° have little change. On a closed path near the center of 

air gap, the data sequences of normal magnetic density are shown in Fig. 8(a). As shown in the figure, the 

magnetic density will increase where the thickness reduces and decrease where thickens. Near N1 of the 

first pair of magnets, the thickness decreases the most and the magnetic density increases the most. Near 

N3 of the third pair, the thickness increases the most and the magnetic density decreases the most. In the 

vicinities of N2 of the second pair and N4 of the fourth pair, the change of magnetic density is not obvious. 

The tangential magnetic density affects the radial magnetic pull of motor significantly and its data 

sequences are shown in Fig. 8(b). When the motor is completely healthy, the distribution of tangential 

magnetic density should take two polar distances as a complete cycle. However, after the occurrence of 

static eccentricity, the periodicity of distribution changes obviously. The resultant radial magnetic pull 

force will no longer be zero, which will result in unbalanced magnetic pull force acting on the motor rotor, 

and then lead to the increase of noise when the motor is running. 
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Fig. 8: Air-gap magnetic density 

A constant-speed driving mode is adopted in 2-D FE model to keep the straight prototype rotating at a 

constant speed. In view of the analogical change laws found in the EMF of all 12 winding elements, only 

the elements A1, A2, A3 and A4 of A-phase winding are analyzed as examples. Fig. 9(a) shows the EMF 

of elements after the straight prototype makes one revolution. The axial positions of A1 and A4 are close 

to the direction in which the air-gap thickness becomes thinner, and the air-gap magnetic density near them 

increases. Therefore, the EMF of A1 and A4 under the eccentric fault condition are higher than those under 
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completely healthy condition. On the contrary, the axial positions of A2 and A3 are close to the direction 

in which the air-gap thickness becomes thicker, and the air-gap magnetic density near them decreases. 

Therefore, the EMF of A2 and A3 under the eccentric fault condition are lower than those under 

completely healthy condition. 

The EMF of four winding elements can be superimposed to synthesize the EMF of one phase 

winding. Since the EMF waveforms of the three-phase windings are similar, only the A-phase winding is 

analyzed as an example, as shown in Figure 9(b). It can be seen that the EMF waveform under eccentric 

fault condition almost coincides with that under completely healthy condition and the rotor static 

eccentricity has a weak influence on the EMF of winding phase. The reason is that the increase and 

decrease of EMF of winding elements are basically offset, and the sum is almost unchanged. 
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Fig. 9: EMF of straight prototype 

One revolution is taken as a cycle and the harmonic analysis of the EMF of A-phase winding is 

carried out. In view of the extremely small amplitude of higher harmonic components, only harmonic data 

within 100 orders are listed in Fig. 10. It can be seen that the harmonic components under the eccentric 

fault condition are similar to those under completely healthy conditions. The EMF is mainly composed of 

4th, 12th and 20th harmonic components, and the proportion of other harmonic components is very small. 

No new harmonic components are introduced by the eccentricity fault, and the periodicity of EMF is not 

changed. 
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Fig. 10: Harmonic components of EMF of straight prototype 

If the motor rotates one revolution, it can be seen from the above 2-D magnetic field analysis results 

that four complete periods of EMF waveforms can be obtained. In the next research content of this paper, 

only one period of EMF is analyzed. According to the designed rules, the EMF of skewed prototype can be 

obtained by superimposing the results of 2-D magnetic field analysis. A complete period of EMF 

waveform of A-phase winding is shown in Fig. 11(a). It can be seen that even if a serious static 

eccentricity fault occurs, the influence is not obvious. A quarter of one revolution is taken as the period 

and the harmonic analysis is carried out. Harmonic analysis results are shown in Fig. 11(b). It can be seen 

that the rotor static eccentricity fault only slightly weakens the amplitude of low-order harmonic 

components, and has little effect on high-order harmonic components. 
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Fig. 11: EMF of one cycle of skewed prototype 

By comparing the waveforms in Fig. 9(b) and Fig. 11(a), it can be seen that the stator skewed 

structure can effectively change the unsmooth EMF waveform into a smooth flat-top waveform regardless 

of whether the rotor is static eccentric. By comparing the data in Fig. 10 and Fig. 11(b), it can be seen that 

the stator skewed structure can effectively weaken the higher harmonic components of EMF, but has little 

effect on the lower harmonic components. 

Taking the whole air-gap circumferential path as one cycle, the harmonic analysis of air-gap normal 

magnetic density data series is carried out in Fig. 12. In view of the extremely small amplitude of high 

harmonic components, only components within 99 orders are listed. It can be seen from Fig. 12(a) that if 

the motor is healthy, the air-gap magnetic density only contains harmonic components of multiples of 4. 

The air-gap magnetic density is mainly composed of low-order harmonic components, while the amplitude 

of high-order harmonic components is extremely small. This means that the calculation accuracy of 

multi-slice model is higher for solving healthy skewed prototype. Comparing Fig. 12(a) with Fig. 12(b), it 

can be seen that the static eccentricity of rotor has obvious influence on the periodicity of air-gap magnetic 

density. A large number of low-order harmonic components and high-order harmonic components are 

introduced, but the amplitude of these introduced harmonic components is relatively small. This means 

that, although the calculation accuracy of the multi-slice model for solving the eccentric skewed prototype 

is lower than that of the healthy skewed prototype, it also meets the general engineering needs. 
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Fig. 12: Harmonic components of magnetic density 

Prototypes were manufactured according to the design scheme. The photos are shown in Fig. 13 and 

three of them are selected randomly. Driving performances of forward and reverse rotations are tested at 

room temperature. 

The resistance test data shown in Fig. 14(a) and inductance test data shown in Fig. 14(b) have little 

difference. The six curves in Fig. 14(c) show the relationship between bus current and rotating speed. The 

six curves in Fig. 14(d) show the relationship between bus current and output torque. The curves are 

almost coincident. The above data show that this batch of test prototypes have high machining accuracy 

and good consistency. 

Fig. 13: Photos of tested prototypes 
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Fig. 14: Test data of prototypes 
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Fig. 15 shows the comparison between the prototype performance calculated by the simplified model 

and the average value of the prototype physical test results. The comparison results prove the effectiveness 

of the proposed modeling method. 

The comparison between the calculated data and test data of the multi-slice model with 20 slices is 

shown in Fig. 15. In the figure, the blue solid line refers to the calculated data of the multi- slice model, 

while the green dotted line refers to the average value of the six measured curves. It is difficult to establish 

an accurate mathematical model of friction torque. In order to ensure the objective and reliable calculation 

data, the friction correlation coefficient is set to zero in 2-D FE modeling. Therefore, the torque calculated 

by the multi- slice model refers to the electromagnetic torque. The torque obtained by prototype test refers 

to the output torque. Because of the existence of friction torque, when the output torque is zero, the no-load 

current is not zero. The prototype is not a high-speed motor. The rated speed is 1350 r/min, and the ideal 

no-load speed is around 2400 r/min. Then, the friction torque can be approximately considered as a 

constant, and the current-output torque curve can be obtained by translating the current-electromagnetic 

torque curve. In this way, it is convenient to compare with the prototype test data. 

By comparing the data in the figure, it can be known that the torque constant calculated by the 

multi-slice model is close to the torque constant obtained by the test. At the rated current of 1.2A, the 

output torque calculated by the multi-slice model is 0.136 Nm, which is only 0.018 Nm higher than the 

measured value, and the relative error is less than 16%. Therefore, the multi-slice model can meet the 

precision requirements of general engineering. 
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Fig. 15: Comparison between calculated data and test data 

V. CONCLUSION 

This paper proposed a simplified modeling method, which can synthesize 3-D field calculation results 

from 2-D electromagnetic field analysis data. The simplified model of rare-earth permanent magnet 

brushless DC motors with static rotor eccentricity and skewed stator slots was established. The effects of 

static rotor eccentricity on the magnetic field distribution and winding EMF were investigated. 
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The research results indicated that rotor static eccentricity will significantly affect the magnetic field 

distribution, but has little effect on EMF. The prototype test results prove the effectiveness of the proposed 

simplified modeling method. 

The multi-slice model has the advantages of rapidity and relative accuracy for calculating the skewed 

motor, but there are still some points worthy of further study in this algorithm. First of all, the multi-slice 

model is based on the 2-D FEM, and it is inevitable to ignore the end-region magnetic field of motors. So, 

it is necessary to study the compensation method of end magnetic leakage. Secondly, the winding current 

of the straight motor is axial, while the actual winding current of the skewed motor has transverse 

component as well as axial component. It is necessary to study the influence of the transverse component 

of current neglected by the multi-slice model on the calculation results and its compensation method. 
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